Abstract In this paper we show that the weighted least square (WLS) and the logarithmic least square (LLS) of various methods to solve the mutual evaluation network (MEN) system including the Analytic Hierarchy Process (AHP) and the Analytic Network Process (ANP), are superior to others. Both methods can solve MEN problems without any restrictions of the structure matrix of MEN. We also show that the WLS always gives positive solutions, which generalize the proof by Blankmeyer. We establish the error analysis of WLS and LLS. Especially, we give solving methods of MEN problems with different variances of errors by the WLS and the LLS.
Introduction
The evaluation systems such as the Analytic Hierarchy Process (AHP) and the Analytic Network Process (ANP) are unified to the mutual evaluation network (MEN) system. The structure of MEN is the following; There is a set N of objects 1, 2, · · · , n. An object i has its own weight u i (> 0) (i = 1, · · · , n). They are to be evaluated mutually. Let s ij (> 0) be the evaluation value of an object i evaluated by an object j, which is represented by the formula u i s ij u j .
(1.1)
Another representation of the above fact is
where s ij corresponds to the paired comparison value in the AHP [5] .
We have the data s ij for (j, i) ∈ E, where E is a set of ordered pairs of the objects belonging to N . The analysis of MEN is to estimate u 1 , · · · , u n by the given data {s ij |(j, i) ∈ E} based on (1.1) or (1.2).
The structure of MEN is well represented by a directed graph G called the graph of MEN, whose node corresponds to an object and directed arc (j, i) corresponds to an ordered pair (j, i) ∈ E of objects. Here we assume that the graph G is connected.
The MEN with E = {(i, j)|i, j = 1, · · · , n, i = j} is considered to be the ordinary AHP (with complete information) [13] . But for the AHP there is the special restriction s ji = 1/s ij for (i, j) ∈ E.
(1.
3)
The MEN graph of AHP (with complete information) is a complete directed graph. Of course, there is an AHP whose set of pairs of objects is a subset of the above E. Such an AHP is called the incomplete AHP [13] . As for the ANP there are many types of MEN graph. The n × n matrix S, whose (i, j) element is s ij for (j, i) ∈ E and zeros otherwise, is the well-known supermatrix [7] . For the ANP there is the restriction n i=1 s ij = 1, j = 1, · · · , n, (1.4) that is, the matrix S is a column stochastic.
Here we treat more general MEN methods without any restrictions such as (1.3) and (1.4). Let us call the matrix S defined above as the matrix of MEN for the general case. The structure of MEN is determined by its graph G or its matrix S, and it is well known that the irreducibility of S is equivalent to the strong connectivity of G.
We note that we do not mean the hierarchy structure constructed from criteria and alternatives of AHP by the MEN graph of AHP. For example, the set of nodes in the MEN graph of AHP corresponds to the set of alternatives evaluated within a criterion.
We intend to show that as the analyzing method of MEN problems, the logarithmic least square (LLS) method (see §2) and the weighted least square (WLS) method (see §2) are superior to other methods. Both methods can be applied to any MEN problem almost without any conditions, while the eigenvector method (see §2) cannot be directly applied to a MEN problem whose graph is not strongly connected. Further, both methods always give positive solutions and have error analyzing methods. We cannot analyze errors by almost any other method.
The criticism that the LLS method is not sensitive to inconsistencies included in {s ij } is given in [6] , but this is valid only for the case of AHP with complete information, and loses grounds for general MEN problems.
The WLS method was proposed in [2] and the positivity of solutions was proved in [1] , but this proof is valid only for the case where the matrix X T X (see §3) is non-singular and its off-diagonal elements are all negative. In §3 we prove the positivity for general MEN problems. In §4, ( §5) the error analysis on the LLS (the WLS) method is described. We often encounter the case where errors have different weights (or variances). In §6 error analyses for such cases are stated and this is applied to a typical ANP called the mutual evaluation problem. We can solve an ANP with a reducible supermatrix, that is, whose graph G is not strongly connected, by the general method [10, 14] , but this structure is rather complicated. But by the WLS method or the LLS method we can directly solve such a reducible ANP. This is shown in §7 with the error analysis.
The Analyzing Methods of MEN
Here we state five analyzing methods of MEN problems; the minimax (or the eigenvector) (MIN), the averaged least square (ALS), the LLS, the WLS and the minimum χ 2 (chi square) (MCS) method. (i) The MIN method is well known and the most popular method, which was first proposed by T. Saaty [5] . This gives the solution by the eigenvector method, and is proved to be based on the mini-max principle by Frobenius [8, 9] . At first, this was used only for AHP, but later has become applicable to general MEN problems.
The method of MIN is the following [9] ; Averaging (1.1) on j for (j, i) ∈ E, we have
where n i is the size of set {j|(j, i) ∈ E}. The right-hand side of (2.1) is called the average of external evaluations for an object i, which is denoted byū i , and u 1 , · · · , u n makingū i nearest u i on i (i = 1, · · · , n), are desirable estimates of the weights of objects 1, 2, · · · , n. One principle for this is to decide u 1 , · · · , u n such that min
If the matrixS (= [s ij /n i ]) of this MEN problem is irreducible, the solution of (2.2) is the principal eigenvector ofS [8, 9] . (In the field of ANP they take the principal eigenvector of S itself as the solution. If n i is constant on i (i = 1, · · · , n), this coincides with that ofS.) WhenS is reducible, the solving method of MIN is not so simple, but is carried out by the general method shown in [10, 14] .
(ii) The ALS method is another method [9] to makeū i near to u i (i = 1, · · · , n), which is to minimize the sum D of squares of differences
This is a kind of least square (LS) method, butū i is the averaged data, so we call this method "the averaged least square method." To minimize
we have only to take u i = 0 (i = 1, · · · , n), to have a non-sense solution. So we set the condition
After all the ALS is the method to take u 1 , · · · , u n minimizing D subject to (2.4). But we have no guarantee that the solution is positive, which is a fatal defect for our evaluation problem. The condition that the ALS method gives a positive solution is thatS (= [s ij /n i ]) is irreducible and has the maximal eigenvalue less than 1 [9] . But there are many problems without this condition. Thus the ALS method is not well used by OR workers. (iii) The LLS method is well known [6, 13] . Taking the logarithm of (1.2) we havė
So the LLS is a method to minimizė
under the conditionu
On the evaluation problem u 1 , · · · , u n have an arbitrary (positive) constant, so we can set u 1 · u 2 · · · · · u n = 1 whose logarithm is (2.7).
The LLS is a very natural method, and for an AHP with complete information, the solution of LLS is equivalent to that of the geometric mean method. This of course gives a positive solution, because exponential values obtained by the inverse transformation of logarithm are always positive. (iv) The WLS method is also a very natural method. The principle is very simple; let
and the sum Q of squares of e ij ,
is minimized under the condition (2.4) on u 1 , · · · , u n . We must insist that it is proved that the solution of WLS is always positive without any conditions such as irreducibility and others like in the ALS, so we can use the WLS method without any apprehensions.
The name "WLS" (weighted LS) cannot be considered to be appropriate, because the meaning of "weight" is not so clear. But in [1] and [2] this nomenclature was already used, so we also use it. (v) The MCS method is to minimize
on the positive u 1 , · · · , u n . Formally (2.10) is the same formula as χ 2 -statistics, which is the source of this name. At a glance it is difficult for us to minimize such a non-linear function as (2.10), but very simple algorithms such as the scaling method [3, 4] can solve MCS problems, and further this does not need any conditions about S [4, 15] . We reviewed five methods for the MEN system. There may not be any other important ones except those five methods. For example, the geometric mean method is equivalent to the LLS (for the AHP with complete information) and the direct least square method (min (s ij − u i /u j )
2 ) may have multiple solutions requiring non-linear computations to be hardly useful. And we would like to insist that the LLS and the WLS method are superior to others.
In the AHP and the ANP field, the MIN method is the most popular and may be the most frequently used. The reason may be that this is the first method proposed by the renowned T. Saaty, the pioneer in these fields. But we think that if S is reducible the analysis developed in [10, 14] is rather complicated and is not based on one principle throughout the series of process. As for the ALS method, it cannot give unconditionally positive solutions of weights as stated above.
On the other hand, the LLS and the WLS can be applied to any problems of MEN without any conditions except that the graph G is connected, and these have the analyzing methods of errors of estimates which are described in §4 and §5. The MCS almost unconditionally gives positive solutions like the LLS and the WLS, but we cannot analyze errors of estimates by the MCS.
The LLS and the WLS have almost the same merits, and also their analyzing processes are carried out by almost the same way. The difference is only the structure of errors. That of the LLS is based on the logarithmic transformation of (1.2) and that of the WLS is on (1.1).
Here we solve two examples by the WLS method. The solving method of the WLS is well known and is stated in §3. Here we note that s ji is determined by s ij from (1.3), so the data in the AHP are not independent. This recognition is very important for the error analysis in §5. Example 2. Consider a typical ANP with the supermatrix S given by 
To solve this by the WLS we take
E = {(2, 1), (1, 2), (3, 1), (1, 3), (3, 2), (2, 3)}. From (3.2) we have X =         1 −5 0 −1/5 1 0 1 0 −9 −1/9 0 1 0 1 −3 0 −1/3 1         , the normal equation (3.1) is u 1 u 2 u 3 -λ 2S = 0 W U 0 , U =   1/6 0.6 1/3 0.3 1/2 0.1   , W = 0.4 0.7 0.2 0.6 0.3 0.8 .u 2 u 3 u 4 u 5 (3,1) 1 0 -0.4 0 0 (4,1) 1 0 0 -0.7 0 (5,1) 1 0 0 0 -0.2 (3,2) 0 1 -0.6 0 0 (4,2) 0 1 0 -0.3 0 (5,2) 0 1 0 0 -0.8 (1,3) -1/6 0 1 0 0 (2,3) 0 -0.6 1 0 0 (1,4) -1/3 0 0 1 0 (2,4) 0 -0.3 0 1 0 (1,5) -1/2 0 0 0 1 (2,5) 0 -0.1 0 0 1 u 1 u 2 u 3 u 4 u 5 −λ 3.
The Positivity of Solutions by the WLS
Why has the least square (LS) method, the most popular and the most powerful in the statistical field, not been used in the field of our AHP and ANP? This may be due to the eigenvector method of T. Saaty as mentioned before. Another reason is that the ALS does not always give as positive solutions. We think that these are the origins of distrust in the LS method in our field. So the positivity of solutions by the WLS is profoundly important in our field. But the proof in [1] is valid only in the case where X T X (see (3.1)) is non-singular and its off-diagonal elements are all negative, which holds only for the AHP with complete information. Here we complete the proof for general X T X. Let the Lagrange function of WLS ((2.9) and (2.4)) be Q − 2λ(u 1 + · · · + u n − 1). Then the normal equation is given by
where d is the all-one column vector and the (ν, k) element X νk of X is given by
and other elements of X are equal to zero. Note that ν denotes arc (j, i) ∈ E, and letting r be the number of arcs of E, that is, r = |E|, X is an r × n matrix. The matrix X is called the structure matrix of WLS. Of course, the solutions
T , λ of (3.1) and (2.4) are estimates of weights of the objects.
Example 3.
We select a simple problem of MEN defined by the graph in Figure 1 . As a matter of fact, this example has peculiar significance for our research (see Example 4) T X are given as follows. It is clear by the structure of WLS that X T X is non-negative definite and the offdiagonal elements are all non-positive, and if X T X is non-singular, it is positive-definite. First we prove the positivity of Lagrange multiplier λ in (3.1).
Lemma 1. The solution λ of Lagrange multiplier in the normal equation (3.1) and (2.4) is non-negative. Moreover, we have λ = 0 if and only if
Proof. From (3.1) and (2.4) we have
Letting e = Xu, we have λ = e T e, which shows that λ 0. From (3.6), if λ = 0, then Xu = 0, and vice versa.
Proof. If λ = 0, then X T Xu = 0, so that X T X cannot be non-singular (if X T X has its inverse matrix, then u = 0, which contradicts (2.4) 
is positive (x i > 0 for all i). Proof. Let us solve (3.7) by the sweep-out operation. Take circled diagonal elements as pivots in Table 2 . , · · · , respectively, and these are all positive for the positive-definite matrix A. Furthermore, the rule of sweep-out operation we have for i = j
Hence in
Step (ii) in Table 2 In the case where X T X is singular, our problem results in
because of Theorem 1 and Lemma 1, where the rank of X is less than or equal to n − 1.
(i) The case where the graph corresponding to rows of X is a tree T : From the structure (3.2) of X it is clear that the rank ρ(X) of X is equal to n − 1, and the non-zero solutions u 1 , · · · , u n of (3.8) have the same sign (see (3.3) ), so that we can select u 1 > 0, · · · , u n > 0. The values of u 1 , · · · , u n are uniquely determined by (3.9). (ii) The case where the graph G corresponding to X is not a tree: Generally, the MEN graph is assumed to be connected, so the number of arcs of G is greater than or equal to n, and we can select a tree T from G. Since the changing of the order of rows of X has no effect on our problem, we can write
where X 0 is the matrix composed of the rows corresponding to T and X 1 is composed of the rest of the rows of X. By the discussion in (i), we have the positive solution u of X 0 u = 0, but u is at the same time the solution of X 1 u = 0. That is because we have ρ(X) n − 1 and ρ(X 0 ) = n − 1, so ρ(X) = n − 1. Hence any row of X 1 is represented by an appropriate linear combination of rows of X 0 , which shows that the solution of u of X 0 u = 0 is the solution of X 1 u = 0. Consequently, we have the positive solution of (3.8) and (3.9). But if we apply the ALS to the data of Example 3, then we havē
The normal equation for this is expressed as This example reveals the defect of the ALS, which the WLS nicely corrects. Example 5. Figure 2 shows an example for a singular case. 
X T X is singular and the graph corresponding to X is a tree. The solutions of Xu = 0 are; u 2 = u 1 /2, u 3 = u 1 /2, u 4 = u 3 /2 = u 1 /4 which are determined by (3.9) asû 1 =0.444, u 2 =0.222,û 3 =0.222,û 4 =0.111.
The Error Analysis on the LLS
The error analysis on the LS with the ordinary linear model is well known (for example, see [12] ). Here we extend this to the LLS (and the WLS in §5) by our specific devices. In order to analyze the errors we make the following assumptions for the errorsė ij in (2.6). That is,ė ij (for (j, i) ∈ E) are independent random variables such that E[ė ij ] = 0 (the expectation ofė ij is equal to zero),
We note that for the AHP the independence ofė ij (for (j, i) ∈ E) is not valid, because we haveė ij = −ė ji due to (1.3). The error analysis for the AHP will be stated in "Remark" in §5.
Let the Lagrange function of the LLS be
Then the normal equation is given by
with (2.7), where Y νk is the (ν, k) element of Y with
T andṡ is the column vector whose ν = (j, i)-th element isṡ ij . Then the matrix form of (2.6) becomesė =ṡ − Yu .
The equations (4.2) and (2.7) are equivalent to
where J is the all-one matrix. Multiplying (4.2) from the left by 
can be shown to be non-singular (see Appendix 1). Hence (4.5) has the unique solution
Substituting thisṡ forṡ in (4.4), we have
Then, the covariance matrix of u is given by
, so that from (4.1) the variance of u i is given by is the sum of squares of the residues. It is well known that
where r = |E| is the size of E, r − (n − 1) is often called the degree of freedom.
is an unbiased estimate of σ 2 . If r − (n − 1) 0, we cannot estimate σ 2 .
The Error Analysis on the WLS
In order to analyze the errors on the WLS we make the following assumptions for the errors e ij in (2.8): e ij (for (j, i) ∈ E) are independent random variables such that These assumptions are often taken in the statistical field. Furthermore, the following transformation of u i into v i is useful.
which leads to the condition for v 1 , · · · , v n given as follows.
The matrix form of (2.8) is e = Xu, which is transformed into
And the normal equation (3.1) is transformed into
Now if X T X has its inverse matrix (X T X) −1 , then the inverse of coefficient matrix of (5.5) is 
and I is the unit matrix of order n).
Then the solutions v and λ of (5.5) (that is, the WLS estimates of v, λ) are given by
(5.7) So we have
(because of (5.3)).
Let the coefficient matrix of e in (5.8) be W , that is,
Then the covariance matrix of v is E[W ee T W T ], and by (5.1) the variance of v i is
Of course, the variance of u i is the same as that of
We have an unbiased estimate of σ 2 by the following procedure. Let e = [ e ij ] be given by e = X v + x (see (5.4)), (5.11) whose elements e ij are often termed residues in the LS method, and
is the sum of squares of the residues. It is well known that the expectation of Q is given by
where r is the number of paired comparisons, that is, r = |E|, and r − (n − 1) is often called the degree of freedom of error. So
is an unbiased estimate of σ 2 . If r − (n − 1) 0, that is, the degree of freedom is zero, we cannot estimate σ 2 . In order that the error analysis is successful, the degree of freedom must be large to some extent.
Example 6.
The degree of freedom of Example 2 is r − (n − 1) = 12 − 4 = 8. X is given in Table 1 and So we have
W W
From (5.11) we have 
Estimating σ 2 in (5.15) by σ 2 , we have Considering these errors, we have no use for the evaluations on weights of objects which are too minute. Remark. The error analysis for the AHP.
We must pay special attention to the error analysis for the AHP. As for the LLS, we haveė ji = −ė ij , so we can deleteė ji in E. Let
Then the independence and (4.1) ofė ij (for (j, i) ∈Ē) are valid. LetȲ be anr×n submatrix of Y whose rows for (j, i) / ∈Ē are deleted. Then we have only to useĒ,r andȲ instead of E, r and Y , respectively.
As for the WLS, the situation is rather complex. First, from (2.8) and (1.3) we have
Hence we cannot assume the independence and the equi-variance (5.1) of e ij . Now we have
and Q of (2.9) is written as
LetX be anr × n matrix with (ν, i) element ofX νi wherē
Then the normal equation for minimizing Q in (5.19) becomes
whose solutionû coincides with that of (3.1). Now letē
Then we can assume the independence and the equi-variance ofē ij (for (j, i) ∈Ē), that is, We have only to useX,r andē instead of X, r and e, respectively, in order to have
Example 7.
The value ofX in Example 1 is given by
The solutions of (5.21) arê 
.012300 (by (5.10)).
The Analysis of the MEN Problem with Errors of Different Weights
The simplest structure of ANP is shown in Figure 3 . The set N of objects is decomposed Depending on this decomposition, the supermatrix S = [s ij ] itself is decomposed into R = [r ij ] and T = [t ij ], where r ij is the evaluation of alternative q i ∈ Q by criterion p j ∈ P , and t ij is the evaluation of criterion p i by q j . Then S is written as
Let us call this type of ANP as the mutual evaluation of criteria and alternatives (MECA).
As stated in [11] , generally r ij are stable, but t ij are unstable, which is represented by the value of variance of errors for r ij and t ij . Here after the set {(i, j)|q i ∈ Q, p j ∈ P } ({(i, j)|p i ∈ P, q j ∈ Q}) is denoted by R(T ), which is the same symbols as the submatrix of S, but we can distinguish them by the context.
Let the structure of errors be the WLS type of (2.8). Then the error of MECA are defined as 2) and the variance of d ij is larger than that of e ij , that is, we assume,
Here we treat α as a known parameter whose value is pre-determined by the decision maker.
Generally if the errors e ij have different variances α ν σ 2 (ν = (i, j)) instead of (5.1), then we can represent this by the error vector e as follows For the MECA we have
where the first |R| (the next |T |) elements of (6.7) are equal to 1 (α −1 ).
Example 8.
Consider The structure matrix X is
Selecting α = 2, we have its normal equation by (6.6), These results (û 1 andû 2 in (6.9) are higher than those in (6.10)) are interpreted by the following claim. If we have the assumption that evaluation from criteria (C) to alternatives (A) has higher accuracy than that from A to C, the estimation (û 1 andû 2 ) of weights of C becomes higher than that without such an assumption.
We have the variances of estimatesû i for the general problem by only using √ Λ −1 X instead of X in (5.9) and (5.10), that is,
Example 9.
The estimatesû 1 ,û 2 ,v 1 ,v 2 ,v 3 in (6.9) have the variances
where ρ 2 is estimated by ρ 2 (6.12).
= 0.017011. Table 3 is the comparison of estimates and its standard errors of solutions on the constant-variance and the different-variance assumption; 
The Solution Method of a Reducible ANP by the WLS and the LLS
In [14] there is an ANP problem, whose supermatrix is 
and its graph G is shown in Figure 4 . (S is not stochastic, so that it may be correct for us to call this a MEN rather than an ANP.) Note that x and y in S are treated as parameters in [14] . S is a reducible matrix, so we cannot solve this by the simple eigenvector method. In [14] this is solved by the general solution method for the ANP, which we think, however, is a rather complex method. Here we would like to solve this problem by the WLS and the LLS. Here we compare these results with those by the generalized ANP [14] . . We recognize two kinds of differences between the WLS and the method by [14] . The first: the values ofû 2 andû 3 (in the second stratum of Figure 4 ) by the WLS are lower than those by [14] .
The second:û 2 <û 3 by the WLS butû 2 û 3 by [14] . The method in [14] is based on the MIN whose principle (2.1) makesû i to be near to the average of evaluations from only other objects. But the WLS considers the evaluations of object i to other objects, too. So if an object i gives higher evaluations to inferior objects, this makesû i to be lower, which [14] does not consider.
Consider the evaluations of objects 2 and 3 from other objects in this example which are given byû 2 
4û
4 ,û 2 3û 5 ,û 2 2û 6 , andû 3 û 4 ,û 3 û 5 ,û 3 û 6 .
This shows object 2 has rather higher evaluation from others than object 3. But evaluations of others by these two objects arê u 4 û 2 ,û 5 2 u 2 ,û 6 3 u 2 , andû 4 û 3 ,û 5 1 2û 3 ,û 6 1 6û 3 .
This shows object 2 gives higher evaluation to others than object 3. This causes the second fact, as mentioned above. The reason of the first fact is that objects 2 and 3 have the evaluations from object 1, but objects 4, 5 and 6 have not.
By ( 
The solution method by the LLS
As mentioned in §2, although the LLS is a natural method, this is not used so often in the fields of the AHP and the ANP. The LLS can solve even reducible ANP problems by almost the same way as the WLS. 
Conclusion
This paper insists that the WLS and the LLS are superior to other methods (the MIN, the ALS and the MCS) to solve MEN problems ( §2). Both methods can solve MEN problems without any restrictions about the matrix S. (The MCS has this property, but it does not have the error analyzing methods.) This is based on mainly that the WLS always gives positive solutions, which is proved in §3. (The proof in [1] is restricted to the case where X T X is non-singular.) Another reason is that the WLS and the LLS have the error analyzing methods which are stated in §4 and §5. Furthermore, the WLS and the LLS can solve MEN problems with the different variances of errors ( §6). In §7, the ANP problem with the reducible supermatrix is solved by the WLS and the LLS, and is compared with the generalized ANP method [14] .
